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• The “proxy system”: Understanding 
the nature of the signal. 

• Bayesian statistical approaches. 
• Reduced space methods. 
• Data assimilation.

Arc of this lecture



Understanding the nature of the signal: 
“The proxy system”

chemical, biological and/or geological understanding of the ways in
which environmental variation ultimately results in the observa-
tions used to retrieve paleoclimatic information. In this sense, these
models are forward, even if they may be empirically-derived: the
predictors are scientifically understood to cause variations in
the predictands, and parameters are realistically constrained.
Following the terminology and framework for proxy system
modeling proposed by James Annan and the SUPRAnet working
group,1 and following the ideas of Cohen (2003) and Lough and
Cooper (2011), an archive is the medium in which the response of
a sensor to environmental forcing is recorded (Fig. 1). Observations
are made on archives. Because proxy systems are effectively filters
of the climate system, sometimes in terms of time-dependent cir-
culation and mixing processes (Khatiwala et al., 2001), we may
clearly distinguish them frommodeling of the climate system itself.
Proxy system model subcomponents may be described that
represent, for example, the behavior of the sensor in response to
environmental forcing (sensor model), the way in which the sensor
either creates or emplaces the signal into the archive (archive
model), and the way inwhich observations are made on the archive
(observational model). Explicit or implicit in any of these sub-
models may be the way in which the processes depend on filtering
and integrating over time or space. Together with analytical and
statistical frameworks, proxy system models may enable us to
extract more accurate paleoclimate information from the available
paleodata, as well as develop a clearer or more explicit description
of their uncertainties.

To fully explore the potential of proxy system modeling, we
begin with elements of the generalized model. Although only a
component of the environment, climate is much more than a single
reconstruction target such as surface temperature. Some examples
of climatic variables that might be important for various sensors are
net or photosynthetically-active radiation, pressure and winds,
precipitation minus evaporation, and surface temperature (Fig. 2).
Fields of these variables often exhibit large-scale spatial structure
(Wallace,1996b), have a pronounced and generally highly energetic
annual cycle, and have characteristic patterns which may or may
not be frequency-dependent (Wallace, 1996a; Huybers and Curry,
2006).

The sensor acts in response to the environment and leaves an
imprint in the archive. The sensor model may realistically be
comprised of physical, chemical and biological components, and be
multivariate, seasonal and/or nonlinear or thresholded in its
response to environmental or climatic variation. Different sensors,
such as the upper continental crust (Huang et al., 2000; Mann et al.,
2009b), trees comprising contiguous forests (e.g. Fritts (1976);
Villalba et al. (2001)) and lakes (e.g. Williams and Shuman, 2008;
Viau et al., 2012) may respond to environmental forcing with
different temporal or spectral resolutions which arise from the
nature of the sensor or the archive (e.g. Evans et al., 2002; Moberg
et al., 2005 and see below). In turn, the degree to which their local

response represents synoptic or global-scale spatial variation may
also depend on a combination of location (Evans et al., 1998) and
temporal resolution (Wallace, 1996a,b).

For example, consider the reef-building corals, which are col-
onies of stationary polyps which live within optimal ranges of light,
temperature, salinity, nutrients, and turbidity. Depending on the
interplay of calcification rate, carbonate density and extension
(radial growth) rate, they produce aragonitic corallites in massive
colonial structures within permissible ranges of environmental
conditions (Fig. 3). The sensor response is thus multivariate,
nonlinear and potentially seasonally-filtered in that coral growth
will be suboptimal or nonexistent outside of optimal growing
conditions.

The output of the sensor is imprinted on an archive, which may
result from additional temporal, geological, biological, and/or
chemical processes, and whichmay be explicitly represented by an
archive model. In the case of the coral sensor described above, the
archive is the massive aragonite structure formed by generations
of polyps over time. Marine sediments are another important
paleoclimatological archive (Fig. 4). They may be comprised of the
commingled output of multiple sensors, including net inorganic,
biogenic, and organic sedimentation, which in turn may be
modified before observation by processes of dissolution, hydra-
tion, alteration, metabolism, mixing, sorting, transport, and
compression. Archive models that incorporate one or more of
these processes may be used to assess chronological uncertainty of
paleodata time series (Burgess and Wright, 2003; Bronk Ramsey,
2008, 2009; Blaauw and Christen, 2011; Klauenberg et al., 2011;
Parnell et al., 2011; Scholz and Hoffman, 2011; Anchukaitis and
Tierney, 2012).

What are generally referred to as climate “proxies” are the
actual observations that may be developed from an archive. This
may be a subset of all possible observations we might make, and
includes those used to estimate chronology. Maximum time reso-
lution of observations may be analytically-determined or archive-
limited. In general, the resulting time, frequency and signal reso-
lution of age-modeled paleodata series is limited by number, fre-
quency, time span, accuracy and precision of chronological
observations and stratigraphic constraints, slope of the ageedepth
curve, replication, and the extent of mixing, transport, integration,
diffusion and hiatuses imposed by the sensor, archive and obser-
vation processes (e.g. see Chatfield, 1989; Cook et al., 1995; Meese
et al., 1997; Evans et al., 1999; Huang et al., 2000; Burgess and
Wright, 2003).

For example, consider the science of dendrochronology, the
study of tree rings (Douglass, 1919; Fritts, 1976; Vaganov et al.,
2006). The sampling of the extant archive itself may involve high-
ly nonrandom sampling by location or species to optimize and
simplify interpretation of the observed sensor response to envi-
ronmental forcing (Fritts, 1976). The potential observational suite
(Hughes, 2011) includes all measurements which may be made
during the part of the year for which the sample of trees produces
woodymaterial in the stem,with information from the non-growth
season inferred from lagged-response processes or covariation
within the environment itself. Potential observations include
characteristics of the wood anatomy (Schweingruber et al., 1978);
total, early-season and late-season incremental growth (Meko and
Baisan, 2001; Griffin et al., 2011); radiocarbon and light stable
isotopic composition (McCarroll and Loader, 2004); and wood
chemistry (Guyette, 1991). From the commonly observed incre-
mental growth observation, multiple partial and complete repli-
cates may be used to establish chronology (Douglass, 1941; Stokes
and Smiley, 1968; Fig. 5) and statistically isolate patterns of vari-
ance from site samples (Wigley et al., 1984; Cook and Kairiukstis,
1990) for which signal interpretations may be inferred.

Fig. 1. Conceptual generalized proxy system model. An archive is the medium in which
the response of a sensor to environmental forcing may be observed. A proxy system
model is an idealized representation of the complete proxy system or selected com-
ponents thereof.

1 http://caitlin-buck.staff.shef.ac.uk/SUPRAnet/.
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The World of Bayes



Bayesian vs. Frequentist

Frequentist: data are a series of events, with a 
frequency, and parameters are set. The probability of 
occurrence is immutable. 

Bayesian: data are fixed and parameters must be 
estimated. Probability is mutable and changes with 
the addition of information.



Why go Bayesian?
1) Allows one to model the proxy behavior and 
uncertainties in an etiologically correct way: 

TEX86 = αs + βs*SST + ϵ

4) From this process, we get meaningful uncertainty 
propagation, plus ensembles of results.

2) Then we can use Bayes’ rule to predict SST from TEX86:
P(SST | TEX86) ∝ P(TEX86 | SST)*P(SST)

3) P(SST) is the prior. It can be relatively uninformative 
if the model is robust.



Prior
Likelihood

Posterior
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BAYSPAR and BAYSPLINE
involves two applications of Bayes’ Rule.

Step 1: estimate parameters: beta coefficients and tau^2 error term:

Step 2: estimate SST from new proxy data. Need to invert Step 1:

p(SSTnew|proxynew) / p(proxynew|SST,�, ⌧2) · p(SSTnew).

p(�, ⌧2|proxy, SST) / p(proxy|SST,�, ⌧2) · p(�, ⌧2).

(or any type of Bayesian regression designed for paleoclimate!)

Matlab code: 
bayes_regression_demo.m 
predictfromreg_demo.m 



−0.05 0 0.05 0.1
0

10

20

30

40

β
1

 

 
Prior

Posterior

0.4 0.45 0.5
0

20

40

60

β
2

0.92 0.94 0.96 0.98
0

20

40

60

80

100

β
3

0.92 0.94 0.96 0.98 1 1.02 1.04
0

20

40

60

β
4

0.002 0.0025 0.003
0

1000

2000

3000

4000

τ2

Step 1: Parameter estimation

UK error2

0.05

Example from BAYSPLINE. Priors are really flat, 
which means likelihood dominates.

UK0

37 = X(SST ) · � + "

" = N(0, ⌧2)



Step 2: Temperature estimation
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Example: applying BAYSPLINE to UK37 data from the Gulf of Aden.
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There is a high (78%) 
probability that the pole-to-
equator gradient exceeded 
10˚C, but it is unlikely (14%) 
that it exceeded 20˚C. 

There is a very high (93%) 
probability that tropical SSTs 
exceeded 30˚C, but it is 
unlikely (6%) that they 
exceeded 40˚C.

Probabilistic Statements



Envisioning a 
hierarchical 
model for 
sedimentary 
records

Finally, a simple model for UK37:

logit(UK ′

37 ) = α+ β · SST + ϵ, (16)

ϵ ∼ N (0, τ2) IID. (17)

A vision for a sediment hierarchical model:
Level 1: Spatiotemporal process model for the climate variable of interest (e.g., SST):

SSTt+1 − µ = α · (SSTt − µ) + ϵt (18)

ϵt ∼ N (0,Σ) (19)

Σi,j = σ2exp(−φ|xi − xj|) (20)

Level 2: Proxy forward models, e.g., for UK:

logit(UK ′

37 )|SST = α+ β · SST + ϵ, (21)

ϵ ∼ N (0, τ2) IID. (22)

or, to account for age uncertainties:

logit(UK ′

37 )|T , SST = α+ β · ΛT · SST + ϵ, (23)

ϵ ∼ N (0, τ2) IID. (24)

Level 3: Archive model to account for bioturbation:

UK ′

37obs|U
K ′

37 =
!

tn

UK ′

37t1+tn · g(tn) + ϵ(t1), (25)

ϵ(t1) ∼ N (0, τ2) IID. (26)
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Level 1: Spatiotemporal  
process model 
(describes SST field)

Level 2: Proxy forward model, can be 
updated to account for age model 
uncertainty (Werner & Tingley, 2015, Clim. Past)

Level 3: Archive model (bioturbation or 
other sedimentary features)
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The BaySST 
package
BAYSPAR

BAYSPLINE

BAYFOX

BAYMAG



Reduced space approach



After Gill et al., 2016, Paleoceanography 

Paleoceanography 10.1002/2016PA002948

Figure 3. Diagram of methodology used in PCA-based reconstruction.

based on the percentage of total variance that each resolves. For most climatological data sets, the first few
modes capture the majority of the data variance—thus reducing the dimension of the data. Using bold-faced
uppercase variables to denote matrices, with brackets used only when specifying the dimensions of the
matrix, and lowercase bold-faced variables as vectors, the formulation for a PCA is as follows:

[X]N×G = [Y]N×G[U]G×G (1)

[Y]N×G = [X]N×G[U]T
G×G (2)

where X is the matrix of the original data (e.g., SST), Y is a matrix of principal components (PCs), U is a matrix
of eigenvectors, N is the length of data at each location (i.e., number of times sampled), and G is the number
of grid points. U is considered a transformation matrix, as it transforms the correlated data X into orthogonal

GILL ET AL. HOLOCENE SST FIELD RECONSTRUCTION 934

ERSST v5, 1854-2017 Pacific full field ERSST v5, 1854-2017 limited field

T = N (years) x G (locations) L = N (years) x P (locations)

PCs
Plio[1⇥P ] = T[1⇥P ]V[P⇥P ]Calculate Pliocene limited field PCs:

PCs
Plio[1⇥G]

Use regression to predict first few G PCs, rest of G is zeroes or means: 

T
Plio[1⇥G] = PCs

Plio[1⇥G]V
T

[G⇥G]Expand back to full field:

SVD
T[N⇥G] = U[N⇥N ]⌃[N⇥G]V[G⇥G] L[N⇥P ] = U[N⇥N ]⌃[N⇥P ]V[P⇥P ]

PCs[N⇥G] = T[N⇥G]V[G⇥G] PCs[N⇥P ] = T[N⇥P ]V[P⇥P ]

Regression to predict full PCs from limited PCs
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Paleoclimate data assimilation

• Blends climate model output and proxy data. 
• Relies on the model for the relationship between 

climate variables 
• Can recover full field of many different variables 
• Uncertainties in proxies and models can be built 

into the method



Ensemble Kalman Filter Approach

xa = xb +K[y � ŷ]
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Above: Stacked histogram of the 203
preliminary proxy records used in this
assimilation. Note the considerable
contribution from UK'37 and δ18O of G. ruber.

Left:Map of proxy records used in this
assimilation.
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* Motivation
Quantifying climate conditions during the Last Glacial Maximum (~21
kya; LGM) can help us to understand climate responses to forcing and
climate states that are poorly represented in the instrumental record.
Paleoclimate proxies may be used to estimate these climate conditions,
but proxies are sparsely distributed and possess uncertainties from
environmental and biogeochemical processes. Alternatively, climate
model simulations provide a full-field view, but may predict unrealistic
climate states or states not faithful to proxy records. Here, we use data
assimilation - combining climate proxy records with a theoretical
understanding from climate models - to produce field reconstructions of
the LGM that leverage the information from both data and models. To
date, data assimilation has mainly been used to produce reconstructions
of climate fields through the last millennium. We expand this approach
in order to produce climate fields for the LGM using an ensemble
Kalman filter assimilation.

1. Design
We estimate past climate conditions with a variant of ensemble Kalman
filter [1]. This process has several steps (below). First, a Climate
Model Prior (Xb) is created by drawing from an ensemble of climate
model realizations. Next, proxy system models or Forward Models
transform the climate model prior variables into relevant proxy
variability (ŷ). We then compare the forward proxy estimate to a
network of real Climate Proxy Data (y). The Kalman filter uses
novelty from the real proxy records to update the climate model prior,
creating a reconstruction - our Posterior (Xa).

5. Climate Model Prior
These preliminary results use climate fields from the TraCE-21kya
experiment (CCSM3) [9]. This is a fully-coupled simulation run at T31,
gx3 (3.7° x 3.7°) resolution. We are also working to incorporate fields
from isotope-enabled variants of HadCM3 [10] and CESM [11].

3. Forward Models
Forward models are based on a Bayesian regression for each proxy type.
BAYSPAR [2, 3] is used to model TEX86, BAYSPLINE [4] for
UK'37. Models for Mg/Ca and δ18O of foraminifera are under
development.
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2. Posterior
Preliminary results estimate climate conditions from LGM to 1 kya. The
assimilation produces global fields for several climate variables, in 200 year-
average steps.

4. Climate Proxy Data
Approximately 250 existing "paleothermometer" marine sediment proxy
sites have been selected for assimilation in this project. The preliminary
results shown here use 203 proxy records from 153 sites (many sites
have multiple records).

Above: Reconstructed mean SST (left), precipitation (middle), and salinity (right) fields for the Mid Holocene (6-
8 kya) and LGM (20-22 kya). Anomalies are relative to the Late Holocene (1-3 kya).

Below: Residuals from a preliminary linear Bayesian regression of select δ18O
foraminifera [5] with annual-mean SST [6] and δ18O of seawater [7] as predictors.
The dotted line is a LOESS spline. Residuals in seawater suggests summer
production, and in the future we will include seasonality in our model.

Right: Preliminary intercept (top) and coefficient (bottom) from a spatially-aware
Bayesian regression predicting seawater δ18O [7] from sea surface salinity (SSS) [6].
Few climate models produce seawater isotope fields, which are needed for our
foraminifera δ18O forward models. Our statistical model captures many key features
(e.g. midlatitude precipitation) though it assumes they are stationary to the LGM.

Right:Age model graphic used for
proxy data quality control. The red
lines give the median and 95%
envelope for the age model, the
blue line is the age from original
site proxy data. The heavy black
ticks indicates age model control
points. The age model is fit with
Markov chain Monte Carlo
simulations [8]. We randomly
sample age model uncertainty as a
part of the assimilation.

Above: Time series of air temperature from posterior, prior, and the climate model average from the TraCE-21
kya Experiment. Uncertainty around prior and posterior are for 95% of the ensemble, including agemodel and
carbon reservoir uncertainty.
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contribution from UK'37 and δ18O of G. ruber.

Left:Map of proxy records used in this
assimilation.
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2. Posterior
Preliminary results estimate climate conditions from LGM to 1 kya. The
assimilation produces global fields for several climate variables, in 200 year-
average steps.

4. Climate Proxy Data
Approximately 250 existing "paleothermometer" marine sediment proxy
sites have been selected for assimilation in this project. The preliminary
results shown here use 203 proxy records from 153 sites (many sites
have multiple records).

Above: Reconstructed mean SST (left), precipitation (middle), and salinity (right) fields for the Mid Holocene (6-
8 kya) and LGM (20-22 kya). Anomalies are relative to the Late Holocene (1-3 kya).

Below: Residuals from a preliminary linear Bayesian regression of select δ18O
foraminifera [5] with annual-mean SST [6] and δ18O of seawater [7] as predictors.
The dotted line is a LOESS spline. Residuals in seawater suggests summer
production, and in the future we will include seasonality in our model.

Right: Preliminary intercept (top) and coefficient (bottom) from a spatially-aware
Bayesian regression predicting seawater δ18O [7] from sea surface salinity (SSS) [6].
Few climate models produce seawater isotope fields, which are needed for our
foraminifera δ18O forward models. Our statistical model captures many key features
(e.g. midlatitude precipitation) though it assumes they are stationary to the LGM.

Right:Age model graphic used for
proxy data quality control. The red
lines give the median and 95%
envelope for the age model, the
blue line is the age from original
site proxy data. The heavy black
ticks indicates age model control
points. The age model is fit with
Markov chain Monte Carlo
simulations [8]. We randomly
sample age model uncertainty as a
part of the assimilation.

Above: Time series of air temperature from posterior, prior, and the climate model average from the TraCE-21
kya Experiment. Uncertainty around prior and posterior are for 95% of the ensemble, including agemodel and
carbon reservoir uncertainty.
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